MAT 241- Calculus 3- Prof. Santilli
Toughloves Chapter 15
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1.) Midpoint approximation of an iterated integrﬂ' f(x y)dA= Z Z f(%,¥j)AA, where
R =1 =1
X is the midpoint of thegth interval andy;j is the midpoint of theyjth interval.

2.)Average value of a functionfag = Aij]l f(x y)dA.
R
R

y=d x=b
3.)Area of a region'Azj]'dAz J' Idxdy in rectangular coordinates.
R

y=cXx=a
Bb

4.)Area of a region'A:HdA :J'Irdrde in polar coordinates.
R o a

5.)Volume of a solidV = ( f(x y)dA= ]‘f(x, y)dxdy in rectangular coordinates.
R

“R -
Bb
6.) Volume of a solidV = [[ f(r,0)dA= 'J' f(r,8)rdrd® in polar coordinates.
= aa

7.)Planar lamina of variable density: Examples
Total Mass,m :J'J’ p(x,y)dA wherep(x,Yy) is the mass density
R

Total ChargeQ = J]'c(x, y)dA wherea (x,y) is the charge density
R

Total PopulationP :J'J'é(x, y)dA whered (x, ) is the population density
R

8.) Torque or Force Moments (First Moments) for planar lamina of variable density:
Torque about the y-axis, =J] xg x,y)p(X, y)dA
R

Torque about the x-axi&x =ﬂ’ yd(x,y) p(x, Y)dA
R

9.) Mass Moments (First Moments) for planar lamina of variable density:
Moment about the y-axisvly =J'J' xp(x, y)dA
R

Moment about the x-axidvly :J]'yp(x,y)dA
R

10.) Geometric Moments (First Moments) for planar lamina:



11.

12.)

13.)

14.)

15.)

16.)

Moment about the y-axiGy :J'J' xdA

Moment about the x-axiGy :J' ydA

Center of Gravity for planar lamina of variable density:

. ng(x,y)p(x,y)dA Hyg(x )P (x, YdA
Y A

“F L!’Q(X,y)p(x,y)dA " FX Hg(x,y)p(x,Y)dA

Center of Mass for planar lamina of variable density:
J'J'xp(x,y)dA J' yp (X, Y)dA
R My
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Centroid for planar lamina:

J‘J'di _ GX_J'RJ'ydA
J’dA J’dA

Moments of Inertia (Second Moments) for planar lamina of variable density:
Moment about the x-axis, :J' y2p(x, y)dA

><I
||

Moment about the y-axisy =II x2 p(x, y)dA

Moment about the origin (polar moment),

I :Hrzp(x, y)dA:H(x2 +y2)p(x,y)dA: I+ Iy
R R

Radius of Gyration for planar lamina of variable density:
= I = | = | [, +1 —> -2
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Surface AreaS= J’J’|a><b| J’J"/[fx(x y)|° [fy(x y)] +1dA

surface




17.) Triple Integrals:

18.)

19.)

20.)

21)

A= sweep in the x direction —> line (length)
B= sweep in the y direction —> plane (area)
C= sweep in the z direction —> space (volume)

For 3-D Solids: Total Massn :IIIp(x, y,z)dV where p(X, y,2) is the mass density

solid
Mass Moments (First Moments) for 3-D Solids of variable density:

Moment about the y-z pland)y, = ]'Fxp(x, y,z)dV
soid

Moment about the x-z plan®ly, = [[[yp(x,y,2)dV
éoﬁd

Moment about the x-y pland/lyy = ']"zp(x, y,2)dV
solid

Center of M'\a/llss for 3-D Solids of variable densK[/Iy:
Xn1:"ﬁ%5’ yn]::béﬁl, 7n1::‘?§¥

Moments of Inertia (Second Moments) for 3-D Solids of variable density:
Moment about the x-axis, = [ '(yz + zz)p(x,y, 2)dV

o b

R

Moment about the y-axigy = [ '( n zz)p(x,y, 2)dV
Solid
Moment about the z-axis, = [ '(xz + yz)p(x,y,z)dv

o
Solid

OR-
Moment about the x-axisy = Ixy +Ixz

Moment about the y-axisy = lyy +1y;
Moment about the z-axidy = 1,4 + 1y

Wherelxy=£.!:“[;22pdv, lyp =g£y2pdv, lyz =H|Ix2pdv

Solid



22.) Cylindrical Coordinates:

X=rcod, y=rsing, z=7 andx? +y2:r2,tan6:

X, z=2z.
X

23) V= I I I dxdydz= I I J’ rdrd6dz wheredV = dxdydz= rdrdfdz
S S

24.) Spherical Coordinates:
p=0

X=psing coP, y=psing sinB, z=pcosp and0<0O <21
O<d<sm

25) V= I £ I dxdydz= J’ J; p? sinddpdddd wheredV = p? sinddpdd de
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26.) Jacobian for 2-DJ =———= = 2 227
) Jacobian for 3(0Y) ﬂ @ S0 3vau

Ju ov

27.) Tomap f(x,y) on Ry onto f(g(u,v),h(u,v)) on Ry where the transformations are
x=9g(u,v) andy =h(u,v):

dA = dxdy= |[J|dudv thereforeﬂ' f(x, y)dxdy= J]' f(g(u,v),h(u,v)) Jdudy
R Ro
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28.) Jacobian for 3-DJ =M _oy 9y 9y

o(u,v,w) pu dv ow
0z 0z 0z
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29.) Tomap f(x,y,2) on Ry onto f(g(u,v,w),h(u,v,w), j(u,v,w)) on R> where the
transformations are = g(u,v,w), y =h(u,v,w) andz = j(u,v,w):
dV = dxdydz= |J|dudvdw therefore

f(xy,z)dV = f(g(u,v,w),h(u,v,w), j (u,v,w))Jidudvd
J]F;I XY,z J'Jz]' g(u,v,w),h(u,v,w),j (u,v, w))lJdudvdw



