MAT 241- Calculus 3- Prof. Santilli
Toughloves Chapter 14

1.) Level curves (contour curves) are the cross sections of the sadax&, y) projected onto
the x-y plane, i.e.z=z(x,y) = constan.

2.) Level surfaces (contour surfaces) are the cross surfaces of the 4-D funetiofx, y, 2)
projected onto the x-y—z space, iles h(x,Yy,z) = constan.

3.) A function is continuous dtXg,Yo) If T(X5,Yo) = lim f(x,y) for all paths.
(X,y) - (X0,Yo)
af(x y) az

4.) Definition of Partial Derivativesfy = fy(X,y) = x

fFix+Ax,y) =~ f(xy)

fi = Dy f = Dy f
f(x,y +4y) - f(x.y)

fe (X,¥y) = Iim and fy(x,y) = lim
x (X,Y) o Ax y(XY) Ay Ay
of(xy) . : : .
5.) Tox IS the slope of the tangent line to the surf&e y) in the x-direction.
of (x.y) . . . -
6.) v IS the slope of the tangent line to the surf&e y) in the y-direction.
7.)Chain Rule:
S x—>t _ex<3}%
v—»Xx—>t y—>X<: t y Ut u<:
t
Q/:y% Q:yg dy aydx oy du ay dy 0x ayau
dt dxdt ot dxoat dt  ox dt au dt ot ox ot 6u ot

X_<:S—>t
/ r—t

\ S—»t
r—»t

dy _dyoxdr  dydxds, dyoudr dyouds, dyowdr  dy dwds
dt oxor dt oxodsdt oduodrdt duodsdt owodr dt ow ds dt

8.) Higher Order Partials:

2 2
o“f 0 f(xy) 3%z
fax = fxx(% Y) = = f11= Dy f = Dyxf
xx = Txx (X Y) 6)2(2 26X2 6 5 =M1=D11 XX
0~ f _07f(xy) _ 9%z
fyy = fyy(X,Y) = = fop = Dppf = Dppf
yy = fyy(x.y) o 6y2 6y2 22 = Dppf = Doy
3%f _a%f(xy) _

Z = f15 = Dyof = Dyyf
Y ayax 2= =28 = =y



9.) If the function has continuous second partidg,= fyx

10.) Implicit Function Theorem:

Q: —fx for function of 2 variables
dx fy
92 _ =¥ for function of 3 variables
ox f,

11.) Equation of a tangent plane is:
Z- 2y = fx(Xo, Yo) (X = Xo) + fy (X0, Yo) (Y~ Yo)

: : of of
12.) Total Diff tial:dz=—dx+—d
) Total Differential:dz I X oy y
: = I \ .
13.) Gradient Vector: [f —&I +6_y —\fx, fy/ in plane
= _of~ of~ of - \
Of —&I +a—yj+a—zk—\fx,fy, fz/ In space

14.) Directional Derivative:Dg f :%cosﬂ +g—;sin9 =[f « G which is the slope of the

tangent line to the function in the direction of the unit veoter{co$,sin).

15.) Dgfmax = lﬁf| is the max value of the directional derivative and it occurs in the direction
of the gradient vector- STEEPEST ASCENT.

16.) Dgfmin = —|Ef| is the min. value of the directional derivative and it occurs in the
opposite direction of the gradient vector- STEEPEST DECENT.

17.) Of of a function is always normal to the level curves or level surfaces of the function at
any point on the level curve or level .

18.) Given the functiore = f(x,y), thenF(x,y,z) = f(X,y) —z=0is a level surface of
F(x,Y,2).

19.) Equation of tangent plane to a surface f(x,y) at P(Xq, Yo, Z%):
oF oF oF
&(XO’yO’ZO)(X ~Xo) * a_y(xo’ Yo12Z0)(Y—Yo) * E(Xm Yo, 20)(Z2~2,) =0 where
F(X,y,2) =f(X,y) -2z



20.)

Equation of the normal line to the surface f(x,y) at P(Xq, Yo, Z):
X~ Xo —__ Y Yo — 2~ %9

whereF(x,y,2) = f(X,y) -z

F(X0 Y01 %) Fy(X0:Y0:Z0)  F2(X0:¥0:%0)

21.)

22))

23))

24.)

25.)

26.)

27.)

Normal vector the a surfadge= nxf + nyf + nZI2 = a—Ff + a—FI + a—Flz where
ox oy o0z

Fx.y,.2)=1(xy) -z

Angle of inclination of a tangent plane to a surface:

el _ Rl
i~ O]

co whereF(x,y,z) = f(X,y) -z

Relative extrema irf (x,y) occur at the critical points.

Absolute extrema irf(x,y) occur at the critical points or at the boundary points of the
domain.

Local extrema- critical points at pointigx Of =0 or DNE.

3 possible types of critical points: Local max, local min, and saddle.

fx(@b)  fry(@b)

Second Partial Test- To determine the type of CP at (a,b):d ,
P @5 “* (@b fyy(ab)

If d > 0 and fyx(a,b) >0 then @,b) is a local minimum
If d > 0 and fyx(a,b) <0 then @b) is a local maximum
If d < 0 then (a, bf(a,b)) is a saddle point

If d = 0 then test inconclusive.

28.)

Constrained optimization with Lagrange Multiplier: optimization occurs where the

objective level curves = constraint level curvesi#{x, y) = A\Og(x,y), where A(x,y) is the
objective level curveg(x,y) is the constraint level curve andis the Larange Multiplier.

29.)

Constrained optimization with 2 constrainEsA(x, y) = AOg(x,y) + pOh(x,y), where

A(X,Y) is the objective level curveyx,y) andh(x,y) is the constraint level curve and
Aand U are theLagrange Multipliers.



